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Abstract
By considering the nonrelativistic limit of de-Sitter geometry one
obtains the nonrelativistic space-time with a cosmological constant
and Newton-Hooke (NH) symmetries. We show that the NH symme-
try algebra can be enlarged by the addition of the constant acceleration
generators and endowed with central extensions (one in any dimen-
sion (D) and three in D=(2+1)). We present a classical Lagrangian
and Hamiltonian framework for constructing models quasi-invariant
under enlarged NH symmetries which depend on three parameters
∗Supported by the KBN grant 1P03B01828
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described by three nonvanishing central charges. The Hamiltonian
dynamics then splits into external and internal sectors with new non-
commutative structures of external and internal phase spaces. We
show that in the limit of vanishing cosmological constant the sys-
tem reduces to the one presented in [1] which possesses accelaration-
enlarged Galilean symmetries.
1 Introduction
The two nonrelativistic Newton-Hooke (NH) cosmological groups were intro-
duced by Bacry and Leblond in [2] who classified all kinematical groups in
D = (3+1). The NH symmetries can be obtained, in the limit c→∞, from
the de-Sitter and anti-de-Sitter geometries [2-6] and they describe, respec-
tively, the nonrelativistic expanding (with symmetry described by the NH+
algebra) and oscillating (with symmetry described by the NH− algebra) uni-
verses. The cosmological constant describes the time scale τ determining the
rate of expansion or the period of oscillation of the universe. When τ →∞
we obtain the Galilean group and the standard flat nonrelativistic space-
time. It has been argued that the NH symmetries and the corresponding
NH space-times can find an application in nonrelativistic cosmology [7,8,9]
or even in M/String theory [10].
Recently, we have considered in [1] the acceleration-enlarged Galilean
symmetries1 with their central extensions and their dynamical realisations.
The aim of this note is to show that these results, corresponding to τ →∞,
can be generalised to the NH spaces with a finite cosmological constant (τ
finite). In particular we show that the acceleration-enlarged NH symmetries,
as in the Galilean case, can have
1. for arbitrary D - one central extension,
2. for D = (2 + 1) - three central extensions.
We also generalise to τ <∞ the actions providing the dynamical realisations
of the NH algebra and the corresponding equations of motion.
The plan of our presentation is as follows. First, in Section 2 we recall
some known results [5,6,8,11] on the NH algebras with central extensions.
We also add the constant acceleration generators, consider the most gen-
eral central extensions and describe the Casimirs of our new algebras. In
Section 3 we present a (2+1) dimensional classical mechanics Lagrangian
1In [1] we described our procedure of adding constant acceleration generators as an
‘extension’. To avoid confusion with the mathematical terminology (G′ is an extension of
G by K if G = G
′
K
) we call, in this paper, our procedure an ‘enlargement’.
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model with higher derivatives providing a dynamical realisation of the in-
troduced symmetries. In section 4 we consider its phase space formulation
- with five 2-vector coordinates (xi, pi, vi, qi, ui). In the following section we
decompose its dynamics into two sectors (“external” and “internal”), with
the six-dimensional external sector describing a new D = 2 non-commutative
extended phase space. The last section contains some final remarks.
2 Acceleration-enlarged Newton-Hooke sym-
metries with central charges - algebraic con-
siderations
Let us first recall the NH+ algebra - corresponding to an expanding universe.
In this case the Galilean algebra with the following nonvanishing commuta-
tors (i, j, k, l = 1, ..D − 1):
[Jij, Jkl] = δikJjl − δjlJik + δjkJil − δilJjk, (1a)
[Jij , Ak] = δikAj − δjkAi (Ai = Pi, Ki), (1b)
[H, Ki] = Pi (1c)
is supplemented by the additional commutators2
[H, Pi] =
Ki
R2
(1d)
obtained by the deformation of the Galilean relations [H, Pi] = 0 [12].
In arbitrary dimension D, as in the Galilean case, one can introduce a
central extension describing the mass m3
[Pi, Kj ] = mδij . (2)
In D = (2 + 1) one can have a second central charge θ [6,8,11]
[Ki, Kj] = θǫij . (3a)
Algebraic consistency then requires that
[Pi, Pj] = −
θ
R2
ǫij . (3b)
2We pass to the NH− algebra by the substitution
1
R2
→ − 1
R2
in (1d).
3In this paper we represent our central generators as λ1 where λ is a number and omit
the unity operator 1.
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The NH algebra can be enlarged to the algebra N̂H by the addition of
the generators Fi that describe the constant acceleration transformations (see
also [5]). These generators satisfy the relation (1b) and
[Fi, Fj ] = [Fi, Kj ] = 0, [H, Fi] = 2Ki. (4)
By considering now the Jacobi identity for the generators (H,Pi, Fj) one can
show that in the acceleration-enlarged N̂H± algebra one must put m = 0.
However, one can show that in an arbitrary space-time dimension D one can
introduce one central charge c as follows:
[Ki, Fj] = 2cδij. (5)
The algebraic consistency then requires that
[Pi, Kj ] = −
c
R2
δij . (6)
In D = (2+1) one can introduce, besides c, two additional central charges
θ and θ′. The first one is already present in (3a-b). The second central charge
occurs only in the relation
[Fi, Fj ] = θ
′ǫij . (7)
However, it is easy to check that θ is a genuine central charge, determining
the structure of the enveloping algebra; the other two can be generated by the
linear transformations of the generators (Pi, Ki, Fi) in the enveloping algebra
U(N̂Hθ)
4
Pi → P˜i = γPi +
c
2θR2γ
ǫijKj,
Ki → K˜i = γKi +
c
2θγ
ǫijPj , (8)
Fi → F˜i =
(
γ −
ρ
2R2
)
Fi +
c
γθ
ǫijKj + ρPi,
where
γ2 =
1
2
[
1 +
(
1 + (
c
θR
)2
) 1
2
]
,
ρ = 2γR2
1−(1 + θ′ − c2θγ
4γ2θR2
) 1
2
 . (9)
4By N̂Hθ we denote the accelaration-enlarged NH algebra with one central charge θ.
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Note that as R→∞ we have
γ → 1, ρ→
c2
4θ2
−
θ′
4θ
(10)
and so we see that our formulae (8)-(9) generalise to the case R < ∞ the
relevant expressions given in [1].
Finally, let us mention the two Casimirs of the accelaration enlarged
Newton-Hooke algebra with central charges. They are
CH = H +
c
2θ2
1
1 + c
2
θ2R2
(
~P 2 −
~K2
R2
)
−
1
θ(1 + c
2
θ2R2
)
ǫijKiPj (11a)
and, puting Jij = ǫijJ for D = (2 + 1)
CJ = J − a
(
~F ~P − ~K2 −
~F 2
4R2
)
−
c
θ
H − b
(
~P 2 −
~K2
R2
)
, (11b)
where
a =
1
2θ + θ
′
2R2
, b =
aθ′
4θ
. (11c)
One can check that in the limit R → ∞ these Casimirs reduce to the
Casimirs of the acceleration-enlarged Galilei algebra given in [1].
Note that in D = (2 + 1) we can add to the above given N̂H+ algebra
with one central charge two further generators
J± =
1
4θ
(
K2
±
− F±P± +
F 2
±
4R2
)
, (12)
where K± = K1 ± iK2 etc. If we now put CJ = 0 and express J from the
formula (11b), the triple of generators (J, J+, J−) provides a basis of a Lie
algebra O(2, 1). If we now make the substitution R2 → −R2 (ie (N̂H+ →
N̂H−), as can be easily checked this algebra becomes O(3). In fact, an
analogous result for the exotic ((2+1) dimensional with two central charges)
NH algebras, in the case of Fi = 0, was discussed in [11].
3 D = (2+1) Lagrangian models with acceleration-
enlarged NH symmetries and with central
charges
When we put central charges to zero our algebra given by the relations (1a-d)
and (4) can be realised by the following differential operators on the nonrel-
5
ativistic D = (2 + 1) space-time (xi, t) (i = 1, 2)
5:
H =
∂
∂t
, J = ǫijxi
∂
∂xj
,
Pi = cosh
t
R
∂
∂xi
, Ki = R sinh
t
R
∂
∂xi
, (13)
Fi = 2R
2(cosh
t
R
− 1)
∂
∂xi
.
Note that we have the following N̂H transformations of the D = (2 + 1)
space-time (δai - translations, δvi - boosts, δbi - constant accelerations, δa -
time displacement and δα - O(2) - angle rotation)
δt = δa,
δxi = δαǫijxj + cosh
t
R
δai + (14)
+ R sinh
t
R
δvi + 2R
2
(
cosh
t
R
− 1
)
δbi.
Next we look for Lagrangians which are quasi-invariant under the trans-
formations (14) and which, in the limit R→∞, reduce to the higher deriva-
tive Lagrangian given in [1], namely:
LR=∞(c, θ, θ
′) = −
θ
2
ǫijx˙ix¨j +
c
2
x¨2i −
θ′
8
ǫij x¨i ˙¨xj . (15)
Note that when c = θ′ = 0 and adding, for m 6= 0, the kinetic term m
2
x˙2i ,
we get the Lagrangian considered in [13]. The extension of this Lagrangian
to the NH case was obtained in [8,11] via the substitution:
ǫij x˙ix¨j → ǫij
(
x˙ix¨j +
1
R2
xix˙j
)
(16)
It is easy to check that this substitution can be also generalied to the
other two terms in (15) as follows
x¨2i → x¨
2
i +
1
R2
x˙2i ,
ǫij x¨i ˙¨xj → ǫij
(
x¨i ˙¨xj +
1
R2
x˙ix¨j
)
. (17)
5Note that for finite R suitable linear combinations of Pi and Fi generate standard
translations.
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It is easy to check that the RHS terms in (16) and (17) are quasi-invariant
under the transformations (14). If we perform the substitutions (17) together
with θ → θ˜ = θ + θ
′
4R2
we obtain
LNH = −
θ˜
2
ǫij
(
x˙ix¨j +
1
R2
xix˙j
)
+
c
2
(
x¨2i +
1
R2
x˙2i
)
−
−
θ′
8
ǫij
(
x¨i ˙¨xj +
1
R2
x˙ix¨j
)
. (18)
Note that the substitution θ → θ˜ is necessary to get agreement with the
definition of the central charge θ in (3a).
When, below, we rewrite our Lagrangian (18) in the first order Hamilto-
nian formalism we need to introduce five pairs of variables (xi, pi, yi, qi, ui).
4 First order Hamiltonian formalism and the
extended phase space
First we define two new 2-vector variables by
yi = x˙i, ui = y˙i. (19)
Then we obtain the following first order Lagrangian 6
LNH = pi(x˙i − yi) + qi(y˙i − ui) −
θ˜
2
ǫijyiy˙j −
θ′
8
ǫijuiu˙j
+
c
2
(
u2i +
y2i
R2
)
−
θ˜
2R2
ǫijxiyj −
θ′
8R2
ǫijyiuj (20)
which, after the substitution (19), is equivalent to the higher order action
(18). Using the Faddeev-Jackiw prescription [15,16] we obtain the following
non-vanishing Poisson brackets:
{xi, pj} = δij , {yi, qj} = δij
{qi, qj} = −θ˜ǫij , {ui, uj} =
4
θ′
ǫij . (21)
6 The first order quasi-invariant actions can be also derived by a geometric technique
which involves the method of nonlinear realisations of the N̂H+ group with central ex-
tensions and the inverse Higgs mechanism (for the NH+ group see [11]; see also [14]). It
would be interesting to describe the most general class of first order actions that can be
generated this way.
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The Hamiltonian, which follows from (20) has the form
H = piyi + qiui −
c
2
(
u2i +
1
R2
y2i
)
+
θ˜
2R2
ǫijxiyj +
θ′
8R2
ǫijyiuj. (22)
The equations of motion, which can be obtained from (20) as the Euler-
Lagrange equations or as the Hamilton equations following from (21-22),
give, besides the equations (19) also
u˙i =
1
2R2
yi +
4
θ′
ǫij(qj − cyj) (23a)
q˙i = −
(
θ˜ +
θ′
8R2
)
ǫijuj +
θ˜
2R2
ǫijxj +
c
R2
yi − pi (23b)
p˙i = −
θ˜
2R2
ǫijyj. (23c)
Using the first two equations as defining the variables qj , pi we obtain the
following set of the N̂H transformation laws for the extended phase space
coordinates: (xi, pi, yi, qi, ui):
• N̂H+ translations (parameters ai)
δxi = ai cosh
t
R
, δyi =
ai
R
sinh
t
R
,
δui =
ai
R2
cosh
t
R
, δpi = −ǫijaj
θ˜
2R2
cosh
t
R
, (24)
δqi = ai
c
R2
cosh
t
R
− ǫijaj
θ′
8R3
sinh
t
R
.
• N̂H+ boosts (parameters vi)
δxi = viR sinh
t
R
, δyi = vi cosh
t
R
,
δui =
vi
R
sinh
t
R
, δpi = −ǫijvj
θ˜
2R
sinh
t
R
, (25)
δqi =
vic
R
sinh
t
R
− ǫijvj
θ′
8R2
cosh
t
R
.
• N̂H+ accelerations (parameters bi)
δxi = 2biR
2
(
cosh
t
R
− 1
)
, δyi = 2biR sinh
t
R
,
δui = 2bi cosh
t
R
, δpi = −ǫijbj θ˜
(
cosh
t
R
+ 1
)
, (26)
δqi = 2bic cosh
t
R
− ǫijbj
θ′
4R2
sinh
t
R
.
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We leave it as an exercise for the interested reader to determine the
Noether charges generating (24-26). They will satisfy the acceleration-enlarged
N̂H-algebra with central charges introduced in Section 2.
5 “External” and “internal” dynamics sec-
tors with noncommutative structure
Next we look for internal variables which are invariant under the transforma-
tions (24-26) and so could be used to parametrise the internal sector of the
phase space with the time evalution being an internal automorphism. We
note that for these internal sector variables we can take
Ui = ui −
1
θ˜
ǫij
(
pj +
θ˜
2R2
ǫjkxk
)
−
xi
R2
Qi = qi − cui +
θ′
8R2
ǫijyj (27)
as they are invariant under the transformations (24-26).
From eq. (19) and (23a-c) we get
U˙i =
4
θ′
ǫijQj ,
Q˙i = −
4c
θ′
ǫijQj − θ˜ǫijUj. (28)
Hence we see that the dynamics of the variables Ui and Qi is closed under
the time evolution, and as such, it describes the “internal” dynamics in our
model. Let us note that
• The set of equations (28) leads to the fourth order equations for the
invididual components of the fields Ui and Qi.
• The description of the dynamics of the internal sector (Ui, Qi) does
not depend on R, i.e. it is the same in the Galilean limit (R → ∞)
considered in [1] after the substitution θ → θ˜ has been made.
To describe the “external” sector of our model we have to introduce three
sets of variables (Xi, Pi, Yi) which have vanishing Poisson brackets with Ui
and Qi. Then the two sectors will be dynamically independent.
Note that from (27) and (21) we have
{Ui, Uj} = 4
θ
θ′θ˜
ǫij , {Qi, Uj} = −
4c
θ′
ǫij
{Qi, Qj} = ǫij
(
−θ˜ +
4c2
θ′
+
θ′
4R2
)
. (29)
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Then, if we define
Xi = xi + αQi + βUi (30)
we find that
{Xi, Qj} = {Xi, Uj} = 0 (31)
are satified if
α =
(
θ2
c
+
c
R2
)−1
, β =
(
c−
θθ′
4c
)
α. (32)
For Yi we try the ansatz Yi = X˙i. Then using the Jacobi identity and the
field equations (28) we see that7
{Yi, Uj} = {{Xi, H}, Uj} = −{Xi, {Qj , H}}
= −
4
θ′
ǫij {Xi, Qj} = 0. (33)
Thus we see that we can put Yi = X˙i, or we can use the field equations (29)
and note that
Yi = yi − α
(
θ˜ǫijUj +
θ
c
ǫijQj
)
. (34)
To find the third set of variables of the external variables we calculate
the time derivative of Yi. We find
Y˙i =
Xi
R2
+
1
θ˜
ǫijPj, (35)
where Pi is given by
Pi = pi +
θ˜
2R2
ǫijxj . (36)
Note that
• The variables Pi are invariant under the N̂H+ translations and N̂H+
boosts.
• The “external” 2-momenta Pi are constant “on-shell”, i.e. from (36)
(19), and (23c) we see that
P˙i = 0. (37)
7In a similar way we can show that {Yi, Qj} = 0
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The equal time non-commutative structure of the “external” sector vari-
ables Xi, Pi, Yi = X˙i is determined by the following set of Poisson brackets:
{Xi, Pj} = δij , {Pi, Pj} =
θ˜
R2
ǫij
{Xi, Xj} =
β
θ˜
ǫij , {Xi, Yj} = −α
θ
c
ǫij (38)
{Yi, Yj} = α
θ
c
ǫij , {Yi, Pj} = 0.
Therefore, by means of the substitution Xi → X
′
i = Xi +
R2
θ˜
ǫikPk we obtain
the equations of the hyperbolic oscillator
X¨ ′i =
1
R2
X ′i (39)
and a decoupling of Pi from (X
′
i, Yi) in the Poisson Brackets (38).
We see that our present model differs in many respects from the original
higher-derivative model [13,17]:
• The external sector, described in [13] by a pair (Xi, Pi) of non-commutative
Xi and commutative Pi variables, is replaced now by a triplet of vari-
ables (Xi, Pi, Yi) with both Xi and Pi being noncommutative (see for-
mula (38)).
• The internal sector described in [13] by a single 2-vector is spanned
in the present model by a pair of 2-vectors (Qi, Ui) with the dynamics
described by the equations with the fourth order time derivatives (see
e.g. [18,19]). However, after a complex point transformation (Qi, Ui)→
(zi, πi) the internal part Lint of the first order Lagrangian (20) can
be put into the standard form with a canonical symplectic structure
(Lint = z˙iπ −Hint(zi, πi)) (cp [20]).
6 Final Remarks
This paper has had three aims:
• To show that the acceleration-enlarged Galilean symmetries can be
generalised to the acceleration-enlarged Newton-Hooke symmetries de-
scribing very special nonrelativisitic de-Sitter geometries. In particular
we have shown that the acceleration-enlarged N̂H algebra in (D =
2 + 1) dimensions has three central charges.
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• It has been known for some time that mass, as a central charge of
the Galilean symmetry, provides a unique parameters which controls
the free particle motion. Now we see that in the D = (2 + 1) dimen-
sions the N̂H invariant action depends on three parameters which are
determined by three central charges of the accelaration enlarged N̂H
algebra.
• It was shown in [13] that in D = (2 + 1) dimensions the exotic cen-
tral charge of the Galilean algebra generates the noncommutativity of
the D = 2 nonrelativistic space coordinates. In this paper we have
shown that for a system with N̂H symmetries (dS radius R finite) one
can generate a more complicated nonrelativistic D = 2 phase space
with both coordinates and momenta being noncommutative.. We have
found also that the complete noncommutative phase space describing
the external sector of our model, besides (Xi, Pi), possesses also a third
non-commutative 2-vector
As is well known the quantization of models with higher time deriva-
tives leads to the canonical derivation of the deformed quantum phase space
structures. It still remains to be clarified how the well known difficulty with
the quantization of mechanical systems with higher order equations of mo-
tion, leading to the appearance of ghosts, can be remedied if we formulate
the model in the framework of suitably extended and deformed quantum
mechanics.
Acknowledgments: We would like to thank Jose de Azcarraga, Joaquim
Gomis and Mikhail Plyushchay for valuable remarks.
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